Abstract. Let N denote a sufficiently large even integer. In this paper it is proved that for 0.941 ≤ θ ≤ 1, the equation
INTRODUCTION
In 1966 J. R. Chen [4] announced his remarkable Theorem (the detailed proof was published in [5] ): Let N denote a sufficiently large even integer, then the equation
is solvable, where and in what follows, p, with or without subscripts, denotes a prime and P 2 denotes an almost prime with at most two prime factors, counted according to multiplicity.
Chen's theorem with small primes was first studied in [3] . For 0 < θ ≤ 1 put U = N θ and let S(N, θ) denote the number of solutions of the equation
Then it is proved in [3] that for 0.95 ≤ θ ≤ 1, we have
In [15] the range 0.95 ≤ θ ≤ 1 was extended to 0.945 ≤ θ ≤ 1. While working on [15] , we tried to extend the range 0.945 ≤ θ ≤ 1 by the sieve process in [2] but failed, since we faced the difficulty which cannot be surmounted that the mean value theorem in [16] is not sufficient to deal with some of the sieve error terms involved. Now by establishing new mean value theorems for products of large primes over short intervals, we can insert the delicate sieve process in [2] into the arguments in [3] to obtain the following sharper result. Notations. In this paper x always denotes a sufficiently large real number, and x 13 13.9 < y ≤ x exp(−10 log , K is an integer not exceeding x. The letter c denotes a positive constant which will not be the same at different occurrences. The constants in O-terms and -symbols are absolute. The letter p is reserved for prime numbers. As usual, ϕ(n) denotes the Euler's function, and Ω(n) denotes the number of prime factors of n(counted according to multiplicity). We always denote by χ a Dirichlet character (modq), by χ 0 a principal Dirichlet character (modq), and by χq and χq * sums with χ running over the characters and primitive characters (modq)
SOME PRELIMINARY LEMMAS
Let A denote a finite set of integers, P denote an infinite set of primes, P denote the set of primes that do not belong to P . For z ≥ 2, put
1,
Lemma 1. ([10]). If
where
where γ denotes the Euler's constant, f (s) and F (s) are determined by the following differential-difference equation
Lemma 2. ([7]
). We have
Lemma 3. Let
Then for 1 < u ≤ 100, we have
where w(u) is determined by the following differential-difference equation
Moreover, we have
Proof. The above asymptotic formula follows from the prime number theorem with Vinogradov's error term and the inductive arguments in section A.2 in [8] . For the upper bounds of w(u), see [11] .
Lemma 4. ([13]). Let
where χ is a Dirichlet character modulo q. Then 
,
The proof of Lemma 5 is similar to that of (4) in [12] , so we omit it here.
Lemma 6. For j = 1, 2 we have
where w(t) is defined in Lemma 3.
Proof. We are motivated by [9] . We prove Lemma 6 in the case j = 1 only, the same argument can be applied to the case j = 2. We first show that the formula
holds, where C r (x) is independent of y and 5 ≤ r ≤ 14.
By a splitting argument we know that the left hand side of (2.1) is the sum of O(log r x) sums of the form
1, where (2.2)
Then by Perron's formula (Lemma 3.12 in [14] ) we get
On moving the line of integration we obtain (2.3)
Since for Re(s) = 1 2 we have
where E r (x) is independent of y.
Next we show that for T 0 ≤ T 1 ≤ T,
By Lemma 5, for |t| ≥ T 0 , we have
By (2.6) and Cauchy's inequality we get
where the bounds
and Lemma 4 with Q = 1 are applied. Now (2.1) follows from (2.3)-(2.5) easily. By (2.1) we get
with E 0 (x) independent of y. From Lemma 3 with y = x exp(−10 log 1 5 x)), we have (2.9)
Upon comparing (2.8) and (2.9) we get
log p 2 , and the proof of Lemma 6 is completed.
MEAN VALUE THEOREMS
In the proof of the Theorem we need the following mean value theorems.
Lemma 7. Let g(n) be an arithmetical function such that
for some c > 0. Let r 1 (a, h) and r 2 (a, h) be positive functions such that
Then for any given constant A > 0, there exists a constant B = B(A, c) > 0 such that for
Proof. This result can be proved in the same way as the Theorem in [16] .
Lemma 8. For j = 1, 2 and any
Proof. We prove Lemma 8 in the case j = 1 only, the same argument can be applied to the case j = 2. We may assume A ≥ 300.
By the orthogonality of Dirichlet character, for (a, q) = 1 we have
It is easy to see that the inner sum in (3.1) is the sum of O(log r x) sums of the form
where the J j is defined by (2.2). Put
On moving the line of integration we obtain
Let χ * d denote the primitive character which induce χ q , then 1 < d|q, χ q = χ 0 q χ * d and
Now by (3.2)-(3.3) we need only to show that
By the estimation q≤Q d|q
and a splitting argument we need only to show that for
we have the estimation (3.5)
Now we prove (3.5) in two cases.
(1) D log 100A x. By Lemma 5 and summation by parts we obtain (3.6)
From (2.7), (3.6), Cauchy's inequality and Lemma 4 we obtain
x. By Cauchy's inequality and Lemma 4 we have
Now (3.5) is proved, and the proof of Lemma 8 is completed.
WEIGHTED SIEVE METHOD
Let U = N 0.941 , A = {N − p |p ≤ U } , P = {p| (p, N ) = 1}. (4.1)
Lemma 9. We have
Since the Proof of Lemma 10 is similar to that of Lemma 6 in [2], so we omit it here.
PROOF OF THE THEOREM
In this section, the sets A and P are defined by (4.1) and (4.2) respectively, and θ = 0.941. Then in Lemma 1 we have
(1) Evaluation of Σ 1 , Σ 2 , Σ 3 .
By Lemma 1, Lemma 2, Bombieri's mean value theorem in [1] and some routine arguments as in [3] , we get that (5.1)
(2) Evaluation of Σ 4 , Σ 7 . By Chen's switching principle, Lemma 1, Lemma 2, Lemma 7 and some routine arguments used in [3] , we get (5.4)
(3) Evaluation of Σ 6 . We have (5.6)
Then S 61 does not exceed the number of primes in L , hence
By Lemma 1 we get
It is easy to show that (5.9)
By Lemma 8 we get
Now by Lemma 6 and Lemma 3, we have (5.11) (1) We have The Theorem is proved.
